In this paper we prove some fixed point theorems in fuzzy cone metric spaces under some fuzzy cone contractive type conditions. Our results generalize the "fuzzy cone Banach contraction theorem" given by [T.Öner, M. B. Kandemire, B. Tanay, J. Nonlinear Sci. Appl., 8 (2015), 610-616] recently.
Introduction
Huang and Zhang [7] generalized the concept of metric space by replacing the real numbers with an ordered Banach space, and proved some fixed point results for nonlinear mappings satisfying some contraction conditions. After that lots of works were devoted to the problems on cone metric spaces (see, e.g., [1, 3, 8, 11-15, 21, 22] and references therein).
The fuzzy set theory was introduced by Zadeh [23] . In [10] Kramosil and Michalek introduced the fuzzy metric spaces which perform the probabilistic metric spaces approach to the fuzzy setting. Later on, George and Veeramani in [4] gave a stronger form of metric fuzziness. Some fixed point results for set-valued mappings on fuzzy metric spaces can be found in [5, 6, 9, 19] .
In 2015, Oner et al. [17] introduced the notation of fuzzy cone metric space which generalized the notation of fuzzy metric space by George and Veeramani. They also presented some structural properties of fuzzy cone metric spaces and proved a fixed point theorem under a fuzzy cone contraction condition. Some fixed point theorems and common fixed point theorems concerning fuzzy cone metric spaces were obtained in [2, 18] , and some more properties for fuzzy cone metric spaces can be found in [15, 16] .
The purpose of this paper is to give further study of fixed point theory in fuzzy cone metric spaces. Some fixed point theorems are proved under some fuzzy cone contractive type conditions. Our results generalize the "fuzzy cone Banach contraction theorem" given in [17] (see Remark 3.5 and Example 3.6). The basic three continuous t-norms are (see [20] ):
Preliminaries
(i) the minimum t-norm defined by a * b = min{a, b}; (ii) the product t-norm defined by a * b = ab; (iii) the Lukasiewicz t-norm defined by a * b = max{a + b − 1, 0}.
Definition 2.2 ([4]
). A three-tuple (X, M, * ) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm, and M is a fuzzy set on X 2 × (0, ∞) satisfying the following conditions:
for all x, y, z ∈ X and t, s > 0.
Throughout this paper E denotes a real Banach space and θ denotes the zero of E, and N denotes the set of natural numbers.
Definition 2.3 ([7]
). A subset P of E is called a cone if 1) P is closed, nonempty, and P = {θ}; 2) if a, b ∈ [0, ∞) and x, y ∈ P, then ax + by ∈ P; 3) if both x ∈ P and −x ∈ P, then x = θ.
For a given cone P ⊂ E, a partial ordering on E via P is defined by x y if and only if y − x ∈ P. x ≺ y stands for x y and x = y, while x y stands for y − x ∈ int(P). Throughout this paper, we assume that all cones has nonempty interior.
Definition 2.4 ([17])
. A three-tuple (X, M, * ) is said to be a fuzzy cone metric space if P is a cone of E, X is an arbitrary set, * is a continuous t-norm, and M is a fuzzy set on X 2 × int(P) satisfying the following conditions:
for all x, y, z ∈ X and t, s ∈ int(P).
Remark 2.5. If we take E = R, P = [0, ∞) and a * b = ab, then every fuzzy metric space becomes a fuzzy cone metric space. For some more examples of fuzzy cone metric spaces we refer the readers to [17] .
Definition 2.6 ([17]
). Let (X, M, * ) be a fuzzy cone metric space, x ∈ X and (x n ) be a sequence in X. Then (i) (x n ) is said to converge to x if for t θ and r ∈ (0, 1) there exists n 1 ∈ N such that M(x n , x, t) > 1 − r for all n n 1 . We denote this by lim
(ii) (x n ) is said to be a Cauchy sequence if for r ∈ (0, 1) and t θ there exists n 1 ∈ N such that M(x m , x n , t) > 1 − r for all m, n n 1 ; (iii) (X, M, * ) is said to be a complete cone metric space if every Cauchy sequence is convergent in X; (iv) (x n ) is said to be fuzzy cone contractive if there exists r ∈ (0, 1) such that
for all t θ, n 1.
Definition 2.7. Let (X, M, * ) be a fuzzy cone metric space. The fuzzy cone metric M is triangular if
for all x, y, z ∈ X and each t θ.
We recall some properties of fuzzy cone metric spaces from [17] .
Lemma 2.8 ([17]
). Let (X, M, * ) be a fuzzy cone metric space. The following statements hold.
θ, the open ball B(x, r, t) with center x and radius r ∈ (0, 1) is defined by B(x, r, t) = {y ∈ X : M(x, y, t) > 1 − r}. Let τ fc = {A ⊂ X : x ∈ A if and only if there exist r ∈ (0, 1) and t θ such that B(x, r, t) ⊂ A}, then (X, τ fc ) is a Hausdorff topology space.
Remark 2.9. It is easy to see that the convergence of a sequence in a fuzzy cone metric space is in the sense of the Hausdorff topology τ fc given in Lemma 2.8 (ii). So the limit of a convergent sequence in a fuzzy cone metric space is unique.
Definition 2.10 ([17]
). Let (X, M, * ) be a fuzzy cone metric space and T : X → X. Then T is said to be fuzzy cone contractive if there exists a ∈ (0, 1) such that
for each x, y ∈ X and t θ. a is called the contraction constant of T .
The following "fuzzy cone Banach contraction theorem" is obtained in [17] .
Theorem 2.11. Let (X, M, * ) be a complete fuzzy cone metric space in which fuzzy cone contractive sequences are Cauchy and T : X → X be a fuzzy cone contractive mapping. Then T has a unique fixed point.
As a further study of the fuzzy cone metric space (X, M, * ), we prove some fixed point theorems for a mapping T : X → X under the following fuzzy cone contractive type conditions:
and symmetrically
where t θ, a, b, c, d ∈ [0, +∞). We note that (2.2) or (2.3) is the same as (2.1) if a ∈ (0, 1) and b = c = d = 0. On the other hand, T may not be a fuzzy cone contractive mapping if it satisfies (2.2) or (2.3). This can be seen in the example at the end of this paper. Therefore our results generalize properly Theorem 2.11 (see Remark 3.5 and Example 3.6).
We only study the cases with condition (2.2) since the cases with condition (2.3) can be done symmetrically.
Main result
We are now in a position to give our first main result. Theorem 3.1. Assume that (X, M, * ) is a complete fuzzy cone metric space in which M is triangular and T : X → X satisfies (2.2) with a + b + c < 1. Then T has a fixed point in X. If, in addition, a + d < 1, the fixed point of T is unique.
Proof. Fix x 0 ∈ X and construct a sequence (x n ) by x n+1 = T x n , n 0. Then by (2.2), for t θ, n 1,
which means that (x n ) is a fuzzy cone contractive sequence, and we get
Noticing that M is triangular, then for all m > n n 0 ,
which yields that (x n ) is a Cauchy sequence in X. Since (X, M, * ) is complete, there exists v ∈ X such that
Since M is triangular, we have
By (2.2), (3.1), and (3.2), for t θ,
This together with (3.2) and (3.3) implies
Now we prove the uniqueness. Let u ∈ X be any fixed point of T in X. Then by (2.2), for every t θ,
Since a + d < 1, we get M(u, v, t) = 1 and u = v. That is T has a unique fixed point.
The following corollary follows from Theorem 3.1 directly.
Corollary 3.2.
Assume that (X, M, * ) is a complete fuzzy cone metric space in which M is triangular and T : X → X satisfies (2.2) with a + b + c + d < 1. Then T has a unique fixed point in X.
By the proof of Theorem 3.1, it is easy to see that the condition "M is triangular" implies that "fuzzy cone contractive sequences are Cauchy". The next theorem shows that, if c = 0 in (2.2), the condition "M is triangular" in Theorem 3.1 can be weakened to "fuzzy cone contractive sequences are Cauchy". In this case, condition (2.2) becomes
Theorem 3.3. Assume that (X, M, * ) is a complete fuzzy cone metric space in which fuzzy cone contractive sequences are Cauchy and T : X → X satisfies (3.4) with a + b < 1. Then T has a fixed point in X. If, in addition, a + d < 1, the fixed point of T is unique.
Proof. Fix x 0 ∈ X and construct a sequence (x n ) by x n+1 = T x n , n 0. Replacing condition (2.2) by (3.4), the same arguments of the proof of Theorem 3.1 follow that (x n ) is a fuzzy cone contractive sequence and (3.1) holds. Then (x n ) is a Cauchy sequence. Since (X, M, * ) is complete, (3.2) also holds for some v ∈ X. By (3.1), (3.2), and (3.4),
By Definition 2.4 (fcm3),
Now it follows from (3.2), (3.5), (3.6) , and the definition of * that
for t θ. Therefore, M(v, T v, 2t) = 1 for t θ, and T v = v. The proof for the uniqueness of fixed point of T is the same as that of Theorem 3.1.
By Theorem 3.3, we can get the following corollary immediately. Let us close this work by an example, where an existence and uniqueness of fixed point result is gotten by applying Theorem 3.1 or 3.3. However, [17, Theorem 3.3] is not applicable since the mapping is not fuzzy cone contractive. 
